We construct a completely metrizable topological group B∞ in which Artin's braid group on infinitely many strands is a densely embedded subgroup.
In the latter the first M strands must eventually be trival and unlinked from the remaining strands. Consequently B ∞ (with the ordering of [4] ) is continuously immersed rather than embedded in B ∞ .
Following the preliminary section 2, we explore in section 3 the algebraic and topological structure of G. The main result Corollary 17 is established in section 4. Lurking behind many computations is the fact that the path component of id D 2 is contractible within the space of homeomorphisms of the closed unit disk which fix the boundary and a given finite set. For completeness we include in section 5 an argument for this useful old result which does not rely on the theory of canonical conformal parameterizations. Given g ∈ C Z + ([0, 1], X) define g −1 ∈ C Z + ([0, 1], X) via g −1 (t) = g(1 − t)(g(1)) −1 . Define id ∈ C Z + ([0, 1], X) as id(t) = id Z + .Let [id] ⊂ C Z + ([0, 1], X) denote the path component of id.
Definitions and Notation
Comment. It would be interesting to construct a 'configuration space' whose fundamental group is a complete extension of B ∞ . A candidate is Y, the quotient space of C Z + ([0, 1], X) under f˜g iff f (1) = g(1). However, this quotient map is not a covering map, and paths in Y need not lift to paths C Z + ([0, 1], X).
Twisted Products and Inverse Limit Spaces
Ultimately G can be seen both as a semidirect product of countably many (free) groups K n or as the inverse limit of Artin's pure braid groups G n . This section includes algebra necessary to establish these facts.
. is a group such that ∀n ≥ 1 ∪ n i=1 K i ⊂ G n and K n ⊳ G n .Then Π ∞ n=1 K n forms a group under the binary operation determined coordinatewise by [(x 1 , x 2 , ..) * (y 1 , y 2 , ...)] n = (y 1 ...y n−1 ) −1 (x n )(y 1 ..y n−1 )y n .
(with multiplication performed in G n ). Call this group Π Gn K n ,the twisted product of K n over G n .
Lemma 3
The twisted product is a well defined group.
Proof. Note * is well defined since K n ⊳ G n and K i ⊂ G n for 1 ≤ i < n.
with x n = (y 1 ...y n−1 )(y 1 ...y n−1 y n ) −1 . Then [x * y] n = (y 1 ..y n−1 ) −1 (y 1 ...y n−1 )(y n ) −1 (y 1 ...y n−1 ) −1 (y 1 ...y n ) = id.
.. ⊂ G and there exist homomorphisms φ n : G → G n ∀n ≥ 0 satisfying φ n|Gn = id |Gn . Define ∀n ≥ 1 ψ n : G n → G n−1 as ψ n = φ n−1|Gn . Let K n = ker ψ n . Then φ : G → Π Gn K i defined as (φ(g)) n = (φ n−1 (g)) −1 φ n (g) is a homomorphism.
Proof. Note K n = ker ψ n ⊳ G n and K i ⊂ G i ⊂ G n for 1 ≤ i < n and the hypothesis of Definition 2 is satisfied. To check im(φ) ⊂ ΠK i we verify (φ n−1 (g)) −1 φ n (g) ∈ K n . Let p = φ n (g). Note φ n−1 (g) = φ n−1 (φ n (g)) = φ n−1 (p) and
To check φ is a homomorphism use the following notation. For g ∈ G let g n = (φ(g)) n ∈ K n and let g n = φ n (g) ∈ G n . Note g n = (g 0 ) −1 (g 1 )(g 1 ) −1 ..(g n−1 ) −1 g n = g 1 g 2 ...g n . Thus (φ(gh)) n = (φ n−1 (gh)) −1 φ n (gh) = φ n−1 (h −1 )(φ n−1 (g −1 )φ n (g)φ n (h) = (h n−1 ) −1 g n h n = (h 1 ..h n−1 )g n (h 1 ...h n−1 )h n = (φ(g) * φ(h)) n .
.is a sequence of groups and ψ n :
.)|g n ∈ G n and ψ n (g n ) = g n−1 } with group operation (g 1 , g 2 , ..) * (h 1 , h 2 , ..) = (g 1 h 1 , g 2 h 2 , ..). Let K n = ker ψ n . Then ψ :
is an isomorphism. If ∀nG n has the discrete topology and IN V (G n ) and Π Gn K n have the product topology then ψ is a homeomorphism.
Thus ψ is an isomorphism. Note IN V (G n ) and Π Gn K n are metrizable since each of G n and K n is metrizable. Thus it suffices to prove the homomorphisms ψ and ψ −1 preserve convergence at (id, id, ..). Sup-
Because the space X is not locally contractible, π 1 (X, id) = G inherits a nontrivial topology from C Z + ([0, 1], X). Elements of G correspond to 'pure' braids in C Z + ([0, 1], X). Viewed as a subspace of R 2 × [0, 1], the strands of [g] ∈ G connect (n, 0, 0) to (n, 0, 1) for n ∈ {1, 2, 3, ...}. We prove that each element [g] ∈ G is uniquely determined by a 'normal form' k 1 k 2 .... where k n ∈ K n , the free group on n − 1 generators. Moreover any such sequence is the normal form of some element of G. G is complete since it's homeomorphic to the countable product of complete spaces.
3.1
The retraction P n : X → X n Lemma 6 There exists a retraction P n : X → X n .
3.2
The groups G n and homomorphisms φ n and φ Suppose n ≥ 1. Define P * n : π 1 (X, id) → π 1 (X n , id) as P * n [g] = [P n (g)] where P n : X → X n is the retraction from Lemma 6. Let i * n :
Note g is well defined and con-
Hence φ is an epimorphism.
φ : G → Π G K n is one to one
To prove φ has trivial kernel we take [g] ∈ ker φ and build a path g t (parametrized over [0, ∞]) from g to id within [g] by the following procedure. Inductively, 'straighten' strand n + 1 of g for t ∈ [n, n + 1] via methods established in Lemmas 9, 10, and 11. Informally Lemma 9 says the following: Take an infinite pure braid α, erase all but the first n + 1 strands, deform the remaining n + 1 strands, and replace the missing strands with trivial strands. If this new infinite braid P n+1 (α) is equivalent to the trivial braid on infinitely many strands, then α Zn+1 is equivalent to the trivial braid on n + 1 strands.
Informally Lemma 10 says the following. Suppose the pure braid on n + 1 strands β 0 can be deformed to the trivial braid on n + 1 strands, and n strands of β 0 are straight. Then the deformation can be chosen to leave these n strands invariant. The proof makes essential use of the fact that all maps of the 2−sphere into I(Z n , R 2 ) are inessential.
Hence by Corollary 21, viewed as a map of S 2 into I(Z n , R 2 ), q is inessential. The restriction map π : H(R 2 , R 2 ) → I(Z n , R 2 ) defined as π(h) = h Zn determines a fibre bundle. Hence there exists a 'lift' Q :
Lemma 11 establishes the inductive step of our proof that φ is one to one.
Proof. Define β 0 : [0, 1] → I(Z n+1 , R 2 ) as β 0 (s) = α 0 (s) |Zn+1 . By Lemma 9 [β 0 ] = [id] ∈ π 1 (I(Z n+1 , R 2 ), id). By Lemma 10 choose γ : [0, 1] → [β 0 ] such that γ(0) = β 0 , γ(1) = id and γ(t) |Zn = id. Let H n ⊂ H(R 2 , R 2 ) denote the subspace such that h ∈ H n iff h |Zn = id |Zn . Then the map π : H n → R 2 \Z n defined as π(h) = h((n + 1, 0)) determines a fibre bundle over R 2 \Z n . The map f : [0, 1] × [0, 1] → R 2 \Z n defined as f (s, t) = γ(t)(s)(n + 1, 0), satisfies f (s, 1) = f (0, t) = f (1, t) = (n + 1, 0). Hence there exists a 'lift' F : [0, 1]×[0, 1] → H n such that F (s, 1) = F (0, t) = F (1, t) = ID and π(F ) = f. Define Γ : [0, 1] → [α 0 ] as Γ(t)(s) = (F (s, t)) −1 (α 0 (s)). 0) ]. Note g 0 = g and g 1 (s)(1, 0) = T s (g(s)(1, 0)) = (1, 0). Proceeding by induction, suppose g n ∈ [g] satisfies g r (s) Zn = id Zn for r ≤ n. By Lemma 11 there exists Γ : [0, 1] → [g n ] such that Γ(0) = g n , Γ(1)(s) Zn+1 = id Zn+1 and Γ(t)(s) Zn = id Zn . For t ∈ [0, 1] let g n+t = Γ(t). Define R : [0, ∞] → [g] via R(r) = g r if r < ∞ and R(∞) = id. By construction R is continuous at r < ∞. To check that R is continuous at ∞, (and in particular R(∞) ∈ [g]) suppose r n → ∞.
Since Z + is locally compact, it suffices by Corollary 5.4 [8] to check that g rn * → id * in the compact open topology where g rn * : [0, 1] × Z + → R 2 is defined as g rn * (s, (i, 0)) = g rn (s)(i, 0) and id * : (s, (i, 0) ) ∈ A and n ≥ N . Note |id * (s, (i, 0)) − g rn * (s, (i, 0))| = 0. Hence id ∈ [g] and thus φ is one to one.
φ : G → Π Gn K n is a homeomorphism
Theorem 13 φ : G → Π Gn K n is a homeomorphism and G is topologically complete.
Proof. The canonical map H : Treating Σ ∞ as the permutation group of Z + , there is a natural epimorphism Π * : B ∞ → Σ ∞ . Although not a homomorphism, there is a topological section σ : Σ ∞ ֒→ B ∞ . Since G = ker Π * , It follows that B ∞ is homeomorphic to G × Σ ∞ and hence B ∞ is topologically complete.
Σ ∞ is topologically complete
Let Z = {1, 2, 3, ...}. Let Σ ∞ = H(Z, Z) ⊂ C(Z, Z) denote the subspace of bijections of Z.
We will show that H(Z, Z) is a closed subspace of E(Z, Z) ⊂ C(Z, Z), that E(Z, Z) is a G δ subspace of C(Z, Z), and that C(Z, Z) admits a complete metric. It follows that H(Z, Z) admits a complete metric. In particular E(Z, Z) is completely metrizable (p.270 [8] ). Let I n ⊂ C(Z, Z) denote the maps f such that f |{1,..,n} is one to one. Suppose f / ∈ I n . Then for g sufficiently close to f we have f |{1,..,n} = g |{1,..,n} . Hence I n is closed in C(Z, Z). Thus I(Z, Z) is closed in C(Z, Z) since I(Z, Z) = ∩I n . Note H(Z, Z) = I(Z, Z) ∩ E(Z, Z). Hence H(Z, Z) is completely metrizable since it's a closed subspace of the completely metrizable space E(Z, Z).
A trivial bundle
We first construct a 'normal form' for each permutation τ ∈ Σ ∞ as an 'infinite word' σ 1m1 σ 2m2 ... where σ nm ∈ σ ∞ has compact support.
Define b nm : [0, 1] → X such that b nm is continuous and
Lemma 16 There exists a continuous function σ :
To check continuity at t = ∞. Corollary 17 B ∞ is topologically complete.
Proof. The map Π :
where σ is the map from Lemma 16. By Lemma 14 and Theorem 13 Σ ∞ and G are topologically complete. Thus B ∞ is completely metrizable since it's homeomorphic to the product of complete spaces.
Proof. Recall B ∞ = ∪B n is the group of braids b over Z + such that all but finitely many strands of b are trivial. Let 
Homeomorphisms of a disk with holes
Let D 2 ⊂ R 2 denote the closed unit disk and let {x 1 , x 2 , ..} ⊂ int(D 2 ) be a sequence of distinct points. Let F n = {x 1 , ..x n }. Let G n = {h : D 2 → D 2 | h is a homeomorphism and h Fn∪∂D 2 = id Fn∪∂D 2 }. Let G n 0 ⊂ G n denote the path component of id. Let B(y, ε) denote the open ball centered at y of radius ε. Corollary 20 is well known [5] , [7] , however our proof does not require canonical conformal parametrizations.
Lemma 19 ∀n ≥ 1 G n 0 forms a fibre bundle over D 2 \F n (with fibre G n+1 ) via p n : G n 0 → D 2 \F n defined as p n (h) = h(x n+1 ). Corollary 20 ∀n ≥ 1 G n 0 is contractible.
Proof. G n+1 is closed in G n 0 and the left coset space G n 0 /G n+1 ( with the quotient topology) is homeomorphic to D 2 \F n via φ : G n 0 /G n+1 → D 2 \F n defined as φ(hG n+1 ) = h(x n+1 ). Note by the Schoenflies theorem that G n+1 is locally path connected and hence G n+1 0 is a closed subgroup of G n 0 . Thus G n 0 forms a fibre bundle over the left coset space G n 0 /G n+1 0 with local section σˆ: U × G n+1 0 → G n 0 defined as σˆ(gH, h) = σ(φ(gH), h) where σ is a local section from Lemma 19. If n = 1 then G n 0 = G n and this space is contractible by the Alexander trick: Let h 0 = id and ∀t ∈ (0, 1] let h t (z) = th( z t ) z ≤ t z z > t .
Proceeding by induction, since G n 0 is simply connected and G n+1 0 is path connected it follows that G n 0 /G n+1 0 is simply connected. G n+1 0 is open in G n+1 and the natural map ψ : G n 0 /G n+1 0 → G n 0 /G n is a covering map. Consequently G n 0 /G n+1 0 is homeomorphic to R 2 , the universal cover of R 2 \F n . Hence G n+1 0 is contractible since it's the fibre of a trivial bundle with contractible base G n 0 /G n+1 0 and contractible total space G n 0 .
Corollary 21 I(F n , int(D 2 )) is aspherical.
Proof. I(F n , D 2 ) is canonically homeomorphic to the left coset space G 1 /G n via h : G/G n → I(F n , int(D 2 )) defined as h(gG n ) = g |Zn . G 1 /G n is canonically covered by G 1 /G n 0 via j : G 1 /G n 0 → G 1 /G 0 defined as j(gG n 0 ) = gG 0 . Finally, the contractible total space G 1 fibres over G 1 /G n 0 via π : G 1 → G 1 /G n 0 defined as π(g) = gG n 0 with (by Corollary 20) contractible fibre G n 0 . Hence the bundle is trivial and therefore G 1 /G n 0 is the (contractible) universal cover of I(F n , int(D 2 )).
